We have developed one electron detachment theory from a closed-shell atomic configuration in the relativistic Fock-space coupled-cluster ansatz. Using this method, we determine sensitivity coefficients to the variation of the fine structure constant in the first three important low-lying transitions of the astrophysically interesting highly charged Mn IX, Fe X, Co XI and Ni XII ions. The potential of this method has been assessed by evaluating the detachment energies of the removed electrons and determining lifetimes of the atomic states in the above ions. To account the sensitivity of the higher order relativistic effects, we have used the four component wave functions of the DiracCoulomb-Breit Hamiltonian with the leading order quantum electrodynamics (QED) corrections. A systematic study has been carried out to highlight the importance of the Breit and QED interactions in the considered properties of the above ions.
I. INTRODUCTION
New field of research in the investigation of temporal variation of the fundamental constants has been gaining the ground steadily in both the theoretical and experimental physics for the past few years [1] [2] [3] [4] . The important aspects for searching this variation are to establish theories suggesting violation of the Einstein's equivalence principle and to support the models like Kaluza-Klein theory that attempts to unify gravity with the other three unified fundamental interactions [5] [6] [7] [8] [9] [10] [11] . This may also probe the multi-dimensionality to space as predicted by the superstring theories [12] . These theories predict temporal variation of the fundamental constants including the electromagnetic fine structure constant (α e = e 2 hc ) in the low energy limit at the cosmological time-scale.
From the experimental front, the signature of possible variation of α e can be observed from three classes of measurements. Geophysical method: The data obtained from the isotopic decay in the natural radioactive reactor at the Oklo observatory can be used as a tool to probe the variation of α e as these isotopes corresponds to typically 10 9 years old and signature of the discrepancy between the decay rate with the present laboratory value indicates a small deviation in the α e value in this time scale [1] . Atomic clock method: Also, the high precision frequency measurements using the atomic and the singly charged ionic clocks can be used to probe variation of α e in an elegant manner. In these experiments the time dependency of α e is inferred by comparing the transition frequencies between at least two clocks [1, 2, 13, 14] . The main advantage of these types of experiments is related to their efficient control over the systematic errors. However, the time period involved to carry out these measurements is of the order of few years only and the typical choice of the candidates for the clocks are either the neutral atoms or the singly charged ions where the relativistic enhancements are typically small. Astrophysical method: The most natural way of finding out the evidence of possible variation of this constant is by analyzing the atomic and molecular absorption spectra coming out of distant astronomical objects such as the high-red-shifted quasars [15] [16] [17] [18] . The time scale at which these events are occurred corresponds to again 10 7 − 10 9 years back and the statistical uncertainties in these systems can be reduced using the many-multiplet methods [19, 20] . The impressive part of considering astrophysical investigation of variation of α e is that one can consider a large number of spectral lines for the analysis. As a matter of fact, the spectral lines from the highly charged ions can be investigated in this case which can have extra ordinary large enhancement of the relativistic effects [21, 22] . In this paper, we analyze the relativistic sensitivity coefficients in Mn IX, Fe X, Co XI and Ni XII ions which are not explored before.
The considered Mn IX, Fe X, Co XI and Ni XII ions are of particular interest for analyzing their spectra as the ground states of these ions have the fine structure splittings. The transitions among these states can occur through the forbidden transitions and their wavelengths lie in the ultra-violet (UV) region [23] . The next excited levels are the s-states which can decay to the above two lower states through the allowed channel. For an advantage, these transitions have wavelengths in the optical region [23] . It can be noticed that the fine structure transitions have one more leading order relativistic correction in α 2 e than the optical transitions. As a fact, the ratios of transition frequencies in the above ions seem to be very promising quantities for carrying out the investigation of any temporal variation of α e by comparing these values from the spectra coming out of any astronomical objects with their corresponding laboratory values. It is identified from the solar extreme ultraviolet (EUV) spectra line that most of them are the emission lines of Fe X ion [24] [25] [26] [27] [28] [29] . These lines can be used to extract data for the electron density in the solar corona as proposed by Jordan [30] . Mason and Nussbaumer had also observed that under typical solar coronal condition, Cl like ions such as Fe X give rise to most of the prominent spectra [31] . The red iron line corresponds to the forbidden transition between the fine structure levels of the ground state of Fe X. The other ions Co XI and Ni XII are also important for the astrophysical study, but they are relatively less abundant in the astrophysical objects. Quite a few emission lines of Co XI are observed in the solar plasma, and in the spectra from theta-pinch plasma [26, [32] [33] [34] . Some of the lines of Co XI ranging the wavelengths in between 65-340Å have been observed and tabulated in [35] . It is also revealed from the data analysis of high-resolution soft X-ray spectrum of nearby F-type star Procyon that the emission lines contains spectra from Mn IX and Ni XII along with from other highly charged ions [36] . Moreover, these ions can be reproduced using the accelerators for their laboratory studies. Thus, theoretical calculations of the spectral properties in these ions are necessary.
Theoretical determination of the atomic states in the considered ions are very challenging owing to the fact that they contain five valence electrons in their outer most orbitals. There have been only few studies carried out for the evaluation of the lifetimes of the first excited states using semi-empirical, mean-field and configuration interaction (CI) methods; however there are neither any theoretical calculations nor any observations of the lifetimes of the second excited states are available in the considered ions. In fact, the higher order relativistic effects are never investigated in these ions. We have developed here an all order perturbative method in the relativistic coupled-cluster (RCC) framework to carry out the study of correlation effects and relativistic corrections systematically in the first three low-lying states of the undertaken ions and would like to calculate precisely the electron detachment energies, the sensitivity coefficients for the variation of α e involving the first three transitions and the lifetimes of the first two excited states. We shall also demonstrate the roles of the higher order relativistic effects in the estimation of the sensitivity coefficients.
II. THEORY AND METHOD OF CALCULATIONS
A. αe Sensitivity Coefficient
The energy expression for a state of any multi-electron atomic system can be approximated to [37] 
where Z is the atomic number of the atom, c is the velocity of light, n is the principal quantum number of the state and κ = ±(j + 1 2 ) is the relativistic quantum number with angular momentum of the state j. Since the relativistic effects to the energy levels close to the nucleus are large due to the high angular velocity of the electron, the relativistic corrections to the energy levels can be approximated to [38] 
with ν is the effective principal quantum number and Z a is the effective charge seen by an electron after the screening effect of the inner core electrons. As the atomic energy levels scale of the order of α 2 e after taking the relativistic correlation effects into account, hence the transition frequencies among the atomic levels are very sensitive to a small change in α e value which will, obviously, get enhanced for a large atomic number Z and for a small value of ν. Therefore, this sensitivity is large in the highly charged ions. For the theoretical investigation, this sensitivity can be estimated by considering a relativistic method to calculate transition frequency (ω) of a transition by expressing them into
where ω 0 corresponds to transition frequency with the laboratory value of the fine structure constant α 0 , x = ( wavelength λ f i is taken in cm and g f = 2J f + 1 is the degeneracy factor with the angular momentum J f of the state |Ψ f . The determined transition probabilities are obtained in s −1 from the above quantities. The emission (absorption) oscillator strengths f f i (f if ) due to the above transition probabilities are given by [40] 
which follows that g i f if = −g f f f i . The reduced matrix elements for the single particle orbitals corresponding to E1, M1 and E2 transitions are given by [39] 
and
where P (r) and Q(r) denote the large and small components of the radial parts of the single particle Dirac orbitals, respectively. The reduced Racah coefficients are given by
The lifetime of a given atomic state is the inverse of the total transition probabilities involving all possible spontaneous emission channels. i.e. the lifetime (in s corresponding to the aforementioned units) of the state |Ψ k is given by
where the sum over O represents all possible decay channels due to the transition operators O and the sum over i corresponds to all the lower transition states. 
C. RCC method for electron detachment
The ground and the first two excited states, those are of particular interest in the present work, of the considered ions have a structure of one electron less than the closed-shell configuration [3s 2 3p 6 ]. These states can be generated by removing one electron from the respective 3p 3/2 , 3p 1/2 and 3s orbitals in three separate steps. Construction of the atomic state function (ASF) allowing couplings between all possible configuration state func- tions (CSFs) having the same angular momentum is not easily viable in these ions owing to the presence of many electrons in the valence space. One of the approachable ways of calculating these ASFs is to evaluate wave function for the [3s 2 3p 6 ] configuration by accounting correlations among all these electrons and later remove an electron from the respective orbital in a Fock-space representation. In this procedure, one has the flexibility to use the reduced matrix elements for minimizing the computational requirements so that it can afford to include the correlation effects more efficiently.
The other important aspect is to construct a perturbative method for the inclusion of the correlation effects among the electrons to infinite order for the high precision calculations of the wave functions. Keeping in mind the above mentioned complexity in the mixing of CSFs in order to obtain the desired ASFs in the considered ions, the developed (Z-1) Fock-space based coupled-cluster method in this work in the relativistic frame work (here onwards we refer it to RCC method) seems to be one of the most elegant approaches to employ in a closed-core with Z number of electrons and generate the atomic states of its ion by removing one electron. To describe this procedure, we express the above ASFs in the form
where |Ψ 0 represents ASF of the [3s 2 3p 6 ] configuration and a a represents annihilation of the electron from the a orbital of the closed-core. The important point to be noticed here is that we have already accounted correlations among all the electrons from the [3s 2 3p 6 ] configuration in the construction of |Ψ 0 . The R a operator, thus, need to remove the extra correlation effects that is being taken into account for the extra a a electron in the determination of |Ψ a . In the RCC ansatz, the above expression yields to
where |Φ 0 is a mean-field wave function for the closedcore which we obtain by using the Dirac-Hartree-Fock (DHF) method, T is the RCC operator that accounts correlation effects in terms of generating all possible CSFs from |Φ 0 and |Φ a = a a |Φ 0 is defined as the modified reference state for the new ASF |Ψ a . The considered ions are highly charged systems, but the electron correlation effects in these ions are anticipated to dominate over the quantum electrodynamics (QED) interactions. However, these QED effects will be immensely large compared to the neutral atoms and the singly charged ions. For the highly charged ions, the orbitals are contracted and concentrated around the nucleus. In such case, the many-body atomic Hamiltonian can be approximated to the kinetic energies of the electrons expressed using the Dirac theory, the nuclear potential and the leading order correction terms from QED. This would be a quite reasonable choice for describing the relativistic effects in the bound electrons of the considered ions. In this work, we restrict the two-body interactions between the electrons to one-photon exchange interaction due to the longitudinal and transverse components as encapsulated in terms of the Coulomb and the approximated frequency independent Breit interactions, respectively. All together, the atomic Hamiltonian is given by
where α i and β i are the usual Dirac matrices and the symbol Λ + ensures that when the operators act only on the positive energy states, it gives the finite values else the contributions from the negative energy states are suppressed. Subtraction of the identity operator from β means that the energies are scaled over the rest mass energies of the electrons. We take the effective nuclear potential as
) and the two-body interaction potential as V ee (r ij ) = 1 rij + V B (r ij ). Therefore, in the Dirac-Coulomb (DC) approximation we have
with V f m (r i ) is the nuclear Coulomb potential obtained using the Fermi charge distribution. The approximated frequency independent Breit interaction Hamiltonian is given by [41] 
The leading order corrections from the vacuum polarization (VP) radiative effects is taken to be the Uehling and Wichmann-Kroll potential as [42] with
Similarly, the self-energy (SE) correction from the radiative effect is approximated to the contributions from operator that are accounted perturbatively in the CCSD(T) method.
the magnetic and electronic form factors as V SE (r) = V mf (r) + V ef (r) [42] with
and ]cr/(cr+ 0.07Z 2 /c 2 ) and B(Z) = 0.074 + 0.35Z/c. In the above expressions, we have adopted au units which we shall follow-up in the rest of the paper. Also it is assumed that the mass of the nucleus is infinitely heavy. Thus, the corrections from the reduced mass of the electrons and the nuclear recoil effect, which are inversely proportional to the nuclear mass [39, 43] , are neglected in the present calculations.
For the simplicity, the normal order Hamiltonian has been used in our calculations with respect to the reference state |Φ 0 by defining
with the self-consistent-field (SCF) Hartree-Fock energy E SCF .
The amplitude solving equations for the T operators for a closed-shell configuration are well known and can be referred to [44] [45] [46] for any more required explanation. We have restricted to only singly and doubly excited configurations from |Φ 0 in our calculations (known as CCSD method) by defining T = T 1 + T 2 which in the second quantization notation are given by where the subscripts a, b and p, q represent the core and virtual orbitals, a and a † are the annihilation and creation operators, and t p a and t pq ab are the excitation amplitudes for the creation of the singly and doubly excited configurations.
Now the eigenvalue equations for the required states are given by
The subscripts f c and op represent the fully contracted and operator form of H N e T , with widehat symbol representing only the connecting terms, that are obtained multiplying by e −T from the left hand side in the above equation and ∆E a refers to the electron detachment energy or ionization potential (IP) of the electron to remove it from the orbital a of the |Ψ 0 state; i.e. from the ASF of the [3s 2 3p 6 ] configuration. Here onwards we drop the subscript op for further discussions as the fully contracted terms will not appear any more.
We again restrict R a operators to account only the singly and doubly excited configurations from the corresponding |Φ a reference states in order to be consistent with the CCSD method by defining R a = R 1a + R 2a which in the second quantization form are expressed as where the sum for R 2a includes b = a without any loss of generality to facilitate the simple angular momentum algebra at the cost of violating the Pauli's exclusion principle. The extra contributions anticipated from these unphysical contributions are, however, cancel out from the direct and exchange parts of the two-body diagrams by allowing contributions only from the linked diagrams in the calculations [47] . Goldstone diagrammatical interpretation of the T 1 , T 2 , R 1a and R 2a operators are shown in Fig. 1 . The energy and amplitude solving equations for the R a wave operators are given by and
where |Φ b a are the singly excited configurations from |Φ a constructed as replacing orbital a by orbital b and |Φ pb da denotes doubly excited configurations from |Φ a constructed as replacing orbital a by orbital b along with exciting an electron from the occupied orbital d to virtual orbital p as per the definitions given in Eq. (27) . The above non-linear equations are solved self-consistently along with its energy evaluating equation.
We take the help of diagrammatic representation to get solutions in an easier way for the above equations. In this process, we divide first as H N = F N + V N with F N representing the DHF Hamiltonian which is an effective one-body operator and V N is the normal ordering form of the residual Coulomb-Breit interaction. By construction, F N is diagonal in nature and the one-body contributions from V N cancels out in our calculations. Following the Koopman's theorem [47] , the detachment energy of an electron from orbital a at the DHF level is just the diagonal value of the operator F N (the single particle orbital energy of a). To minimize the computational time, we construct effective one-body and two-body intermediate terms from F N e T and V N e T as shown in Figs. 2 and 3 , respectively, and connect them finally with the R a operators to solve the above energy and amplitude equations. The energy evaluating diagrams are shown in Fig. 4 . Similarly, the diagrams contributing to the R 1a and R 2a amplitude calculations are shown in Figs. 5 and 6, respectively.
The quality of the results are further elevated with the consideration of the most important triple excitation configurations from |Φ a by constructing a perturbative RCC operator R pert 3a as with εs representing the single particle orbital energies. Instead of considering this operator explicitly, we account its contributions implicitly in the self-consistent evaluation of ∆E a . This approach is usually referred to as CCSD(T) method in the literature. Diagrammatic representation of the R pert 3a operator are given in Fig. 7 . We evaluate ∆E a s using the laboratory value as c = 137.03599972 and modify the c value suitably for the corresponding x values to obtain the transition frequencies, ω(x), between all possible states that are of our interest.
Once any two given |Ψ f and |Ψ i states are obtained in the above procedure, the matrix element of an operator O between these two states are evaluated using the expression
where O = (e
T ) l , for the subscript l means only the linked terms are the contributing terms, involves two non-truncative series in the above expression whose con- tributions are accounted as much as possible in stepwise.
To do so, we divide O and N into the effective fully contracted, one-body, two-body etc. terms in the diagrammatic form by employing the generalized Wick's theorem [47] . Since these terms are either connected with the R a operators or has to be the effective one-body term for the consideration at the final stage property calculation, as a result they get truncated factitiously at the effective five-body terms in the CCSD method. The intermediate storage of the effective three-body terms onwards is an affair of huge computational cost and direct calculation of these diagrams will be enormously time consuming against a very little contribution to the final result. Therefore, we have neglected these contributions on the basis that they belong to the class of diagrams with fifth or higher orders in the residual Coulomb-Breit interaction. We first calculate the intermediate effective one-body diagrams of hole-hole (H-H), particle-particle (P-P), hole-particle (H-P) and particle-hole (P-H) types from O and N considering terms up to minimum fifth order in the residual Coulomb-Breit interaction and store these intermediate parts for their further use. It has been found in our study, as will be demonstrated in the next Results and Discussion section, that the H-P and P-H diagrams carrying out the core-polarization effects to all orders are contributing predominantly in the considered ions. Therefore, we have replaced the corresponding O operator from the P-H and H-P effective diagrams by the P-P and H-H diagrams to dress-up further the effective H-P/P-H operators for accounting these contributions as rigorously as possible. All these four types of effective one-body terms are then connected with the R a and its complex-conjugate (cc) diagrams to obtain results for the final calculation. These final contributing diagrams are shown in Fig. 8 . We then formulate the effective two-body terms from O and N in the following way to account their contributions at the minimum computational requirements. We connect the effective one-body terms of O with another T and with its cc operators to form the effective twobody diagrams. This procedure obviously takes into account more higher order terms than the two-body terms that could have been generated by connecting only the operator O with the T operators. Unlike the effective one-body terms, effective two-body terms are computed directly after contracting with the R a operators. Some of the important effective two-body diagrams contributing substantially in the present calculations are shown in Fig. 9 .
Contribution to the matrix element after the normalizations of the wave functions (norm) is estimated ex- plicitly using the expression
III. RESULTS AND DISCUSSION
We present the detachment energies obtained using our above described methods in Table I at the various levels of approximations in the Hamiltonian for all the considered ions. We give contributions from DHF and CCSD(T) results with gradual changes in the calculated values after the inclusion of Breit, VP and SE interactions. We also give the differences between the CCSD(T) and CCSD results within the parentheses of the given CCSD(T) results to demonstrate the importance of including the triple excitation configurations. It References: a [50] . b [51] . c [52] . d [53] . e [31] . f [54] . g [55] . h [56] . i [28] . j [57, 58] . k [59, 60] .
l [61] . m [49] .
can also be noticed here that the CCSD(T) method improves the results over the CCSD approach in all the states. Our results are also compared with experimental values listed in the national institute of science and technology (NIST) database [23] . As can be seen, contributions from the higher order relativistic corrections are not small in the evaluation of these quantities. Among them the SE interaction are the largest contributing relativistic corrections. The differences between our final results with the full Hamiltonian and NIST results are given as δ in the same table which shows that the CCSD(T) results are sub-one percent accurate for each state in all the four ions. We also observe that the ratios
, with ∆E DC a is the contribution from the DC Hamiltonian and ∆E f inal a is the final result, are almost same in all the states except in the excited 3s 2 3p 5 2 P 1/2 state where it is slightly large. These values are comparatively larger in the Ni XII ion implying that the relativistic effects are increasing with the size of the ion.
The accuracies attained in the energy calculations for the considered ions seem to be very promising to investigate the relativistic dependency in these quantities for the study of possible variation of α e by determining the sensitivity coefficients q of the transitions among the calculated states. These coefficients are given in Table II with the DC Hamiltonian and with other relativistic corrections using the CCSD(T) method. The obtained results are quite enhanced in these ions and the values increase for the heavier ions. We also observe that the corrections due to the Breit and QED interactions are influencing the results considerably which are never investigated before in the other studied highly charged ions [21, 22] . It can be found that the contributions from the QED corrections are almost negligible in the ∆E a calculations, however these contributions are found to be relatively large in the determination of q values. Since our calculated ∆E a values are below 0.5 % accurate compared with their experimental values, on this ground we recommend that these reported q values are also accurate within the same percentage.
We now turn to determining other properties of the transitions whose sensitivity coefficients are estimated in this work. The important transition properties that should be known precisely for their astrophysical observations are the transition probabilities, the oscillator strengths and the lifetimes of the considered excited states. The transitions from the fine structure level to the ground state in these ions decay through the M1 and E2 forbidden channels while the 3s3p 6 2 S 1/2 state decay to the 3s 2 3p 5 2 P 1/2 state and to the ground state via the E1 channel. The transition amplitudes for these channels obtained from our calculations with different approximations are given in Table III . At the end, we also give the recommended values as "Reco" with maximum probable uncertainties associated with these values. These uncertainties are estimated based on the intuitive guess from the trends they exhibit using the CCSD and CCSD(T) methods and at various approximations in the Hamiltonian. It can also be noticed that the DHF results are large from the RCC calculations and the differences between the DHF and RCC results are small for the M1 transition amplitudes which are large in the E2 amplitudes and the RCC results are almost half of the DHF results in the E1 amplitudes persuading large correlation effects in this property. To understand the role of various correlation effects in the RCC calculations of these quantities, we give contributions explicitly from various terms of the CCSD(T) method using the full Hamiltonian in Tables IV and V. As can be seen, the effective one-body contribution through O involving the DHF result is the most dominant contributing term followed by the effective two-body terms for the M1 transition else the O ob R 2a term along with its cc term in the E1 and E2 amplitude calculations. The reason for O ob R 2a and effective two-body contributions being very large as they account directly the core-polarization contributions to all orders involving the valence electrons which are found to be very crucial in the considered ions. Nevertheless, the contributions from norm are non-negligible.
Using the above transition amplitudes, we give the transition probabilities and the oscillator strengths for the considered ions in Table VI . To estimate these quantities, we have used the experimental energies to avoid the uncertainties coming out from the calculated energies although these calculations are sufficiently accurate to provide precise ab initio values. There are estimation of the transition probabilities due to the M1 transitions earlier [48] which were determined using the M1 amplitudes obtained using the DHF method and experimental energies. Since correlation effects are very small in the calculation of the M1 amplitudes in the considered transitions, we see a very good agreement between both the work. Recently, the transition probability of the 3s 2 3p 5 2 P 1/2 → 3s 2 3p 5 2 P 3/2 transition of the Fe X ion is measured by Brenner et al. [49] which also agree with our result. But our result seem to be more precise than these two reported values. The oscillator strengths for the allowed transitions are found to be large enough to be used for the detection of these lines in the astrophysical observations.
Finally, we present the lifetimes of the excited states in Table VII . These values are compared with the previously reported experimental and predicted values. As seen in the table, the experimental values have large uncertainties except for the 3s 2 3p 5 2 P 1/2 state of Ni XII. The lifetime of the 3s 2 3p 5 2 P 1/2 state of Fe X was measured in a Kingdon ion trap [59, 60] which differs from other measurements that are carried out optically in a heavy-ion storage ring [61] and using the electron beam ion-trap technique [49] . Our result agrees with the latter two measurements. The lifetimes for the same state in Co XI and Ni XII are also measured by Träbert and coworkers [61] which agree with our estimated values, however our theoretical values seem to be more precise than the measurements. The other predicted values of the lifetime of this state in all these three ions [31, [50] [51] [52] [53] [54] [55] [56] [57] [58] are either obtained from the astrophysical observations or estimated using lower order many-body methods than our RCC method. We could not find out any reported values for the lifetimes of the above two excited states of Mn IX in the literature. Our estimated results for the lifetimes of the excited states in this ion will be useful for their measurements.
IV. CONCLUSION
We have developed a relativistic coupled-cluster method to calculate atomic wave functions of the states in ions which have one electron less than the closedshell electronic configurations. We successfully employed this theory to calculate the wave functions in the highly charged Mn IX, Fe X, Co XI and Ni XII ions. The DiracCoulomb Hamiltonian with other relativistic interactions such as Breit, vacuum polarization and self energy corrections is used to incorporate both the relativistic and correlation effects more rigorously in the calculations. Configuration interaction space is approximated at the singles and doubles excitation level, however they are elevated by the inclusion of the important triple excitations in a self-consistent manner through a perturbative approach. We have obtained the detachment energies within sub-one percent accuracy and estimated the sensitivity coefficients for the investigation of any possible temporal variation of the fine structure constant at the same level of accuracy. Roles of various relativistic and correlation effects are demonstrated explicitly. Further more, we determined the transition matrix elements due to the E1, M1 and E2 channels from the considered excited states in the above ions. Using these matrix elements, we evaluated the transition probabilities, the oscillator strengths and the lifetimes of the excited states and compared them with the available experimental and other predicted values. Our estimated results are found to be more precise than the previously reported results. The corresponding experimental results for some of our reported values are not known, hence our calculated values will serve as the benchmark results for their future measurements.
